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F i lm flow of a nonlinear v i scoe las t i c  fluid, whose deformed behavior  is descr ibed  by using kine-  
mat ic  m a t r i c e s ,  is considered along the su r face  of a rota t ing conical  r o t o r ,  

Highly efficient centr i fuge appara tuses  in which drying and cooling by a tomizat ion,  absorpt ion,  cen t r i -  
fuging, mixing,  centr i fugal  cast ing,  etc. ,  a r e  accompl ished a r e  used extensively  in a number  of branches  of 
indust r ia l  production (chemical,  pe t rochemica l ,  e tc . ) .  Solutions and mel ts  of po lymer s ,  suspensions  and 
emuls ions ,  colloidal  solut ions,  dye m a t e r i a l s ,  etc~ t r ea t ed  in centr i fuges  exhibit a whole complex  of non- 
l inear  p rope r t i e s  in the v iscous-f lowing s ta te .  Recently,  a rheologica l  equation of s t a te  of the type [1-5] 

1 [31B~ (I) ~ --pJ ,-F ~efB1 q- 

has s u c c e s s f u l l y b e e n  used to  de sc r ibe  the anomaly  in the v iscous  and e las t ic  p rope r t i e s  in solving engineer ing 
p rob l ems .  

The  kinemat ic  m a t r i c e s  Bi,2 depend on the gradients  of the veloci t ies  and acce le ra t ions  and on higher 
der iva t ives  of the veloci ty  with r e s p e c t  to the t ime ;  #ef and /31 a r e  the coefficients of effect ive v i scos i ty  and 
normal  s t r e s s ,  which a r e  functions of the  invar iants  B1, 2 and c h a r a c t e r i z e  the viscous and elast ic  p roper t i es  
of the ma te r i a l ,  r e spec t ive ly .  The coefficient  of effective v i scos i ty  can be wri t ten  as [6] 

~tef = KE n- '" (2) 

As has been shown in [7], the coefficient  ~t is propor t iona l  to the squa re  of the v iscos i ty  and is d e t e r -  
mined by means of the fo rmula  

1 (3) 

Let us consider  an a x i s y m m e t r i c ,  s teady s t r e a m  of nonlinear v i scoe las t i c  fluid moving as a continuous 
laminar  f i lm over  the su r f ace  of a rota t ing cone (Fig. 1)o Let us consider  the fluid motion in a spec ia l  l ,  9, 
6 coordinate  s y s t e m  coupled r igidly to the cone. The s y s t e m  introduced is orthogonal.  

We consider  in the solution that :  1) the influence of f i lm fr ic t ion on the surrounding medium and of s u r -  
face tens ion on the f i lm flow is negligible;  2) the angular  veloci ty of the fluid equals the angular  veloci ty of 
the cone; 3) the fluid f i lm thickness  is cons iderably  less than the cor responding  coordinate  I .  

Taking account of the assumpt ions  made above,  and using the theo logica l  equation of s t a te  (1), we obtain 
the  d i f ferent ia l  equation of motion of the nonlinear v i scoe las t ic  fluid for  this p rob lem:  

= p r , -  ep + r, I ~ t= 
pv,-ol + pv, g~- ~-[ a6 I a6 [ ao 

Op 
0--~ q- pF6 = O. 

The  quantit ies FI and F6 a r e  expressed  by the dependences 

0 Ovl 2,, K 2 [ Ovz ~'~ (4) 

Ol 06 IG o [ - ~  

(5) 
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Fig .  1. F low d i a g r a m .  
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F t = r sin a - -  g cos a,  F~ = - -  @~r cos a 4- g sin a). 

I n t e g r a t i o n  of (5) by using the  bounda ry  condi t ion  p = P0 for  5 = 50 y i e lds  

p = --(6 o -  6) oF 6 4- Po. (6) 

A c c o r d i n g  to  t he  e x p r e s s i o n  (6) obta ined ,  by  knowing the  equa t ion  of the  s u r f a c e ,  the  p r e s s u r e  a t  any point  of 
Che fluid f i lm f lowing o v e r  a ro t a t i ng  con ica l  r o t o r  can  be foulxt. 

Let  us e s t i m a t e  the  o r d e r  of the  s i gn i f i c ance  of 8p/Ol by us ing  (6): 

OF6 0_p_p = ,. 060 _ ( 6 0 . 8 )  p - -  
Ol pr~ --~ OI 

T h e r e f o r e ,  (~p /a / )  ~ ow2r60/ l ,  whi le  the  r e m a i n i n g  t e r m s  in (4) a r e  on the  o r d e r  of pco2r. Hence ,  0p /  
Ol can  be d i s c a r d e d .  

T h e  boundary  condi t ions  for  th is  p r o b l e m  a r e  

at 6 = 0 ,  v , = 0 ; a t  6 = 6 o, Ovz -- 0, v z = Vlm=' (7) 
06 

D i r e c t  i n t eg ra t i on  of (2) encoun te r s  def in i te  m a t h e m a t i c a l  d i f f i cu l t i e s .  Hence ,  we use  an  a p p r o x i m a t e  
method of so lu t ion  ba sed  on us ing  i n t eg ra l  r e l a t i o n s  [8]. T o  do th i s ,  we g ive  the  ve loc i ty  p ro f i l e  in a f o r m  ob-  
t a ined  ana ly t i c a l l y  fo r  a non -Newton i an  fluid sub iec t  to  a power  law under  ana logous  flow condi t ions  [6]: 

2n4-1 Q [ l _ _ ( l _  6.6__~ n-'~-] (8) 
v l =  n-4-1 2~6o/sina 60 ] J "  

Let  us mul t ip ly  a l l  the  t e r m s  in (4) by r and let us i n t e g r a t e  wi th  r e s p e c t  to  5 be tween  0 and 60: 
6~ ~o 6o 6o 

K O Ovz" P t" vl Or,of rO6+pfvlOv~ro6=SpFtr064-06 ; ifo6 
0 0 0 0 

We consequen t ly  obtain  

060 2n 4 -  I Q 2,, _ _  

Or n 2~r 

3 n + 2  ~ i.r6 2 

~o 

1~ <o> Go Jf~- - a 0  N 
0 0 

1 - - 4 n  2n4-1 [ Q ~2 1 ] 
6o4n+1 2p = 3 n + 2 t  2=r]  60 ~ 

_ _ _ _ K ( 2 n 4 -  I Q )n 1 
_ 6gn+l + n 2gr 

K2 ( 2 n +  1 Q)2n2(n--1) sina (10) 
+ pF z 4- ~ n 2 n r  r64~ 

T h e  d i f f e r en t i a l  equat ion  (10) was  so lved  f u r t h e r  on an  e l e c t r o n i c  c o m p u t e r  by a n u m e r i c a l  method in-  
voic ing  the  add i t iona l  bounda ry  condi t ion  

at r -= rink, 6 o-= 60ini t (11) 

H e r e  60ini t t a k e s  accoun t  of the  m e c h a n i c a l  ene rgy  of t he  fluid d e l i v e r e d  f r o m  outs ide ,  fo r  e x a m p l e ,  the  excess  
p r e s s u r  e in the  nozz l e .  T h e  va lue  of 50ini t is d e t e r m i n e d  e x p e r i m e n t a I l y .  
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Fig.  2 Fig.  3 
Fig.  2. Graphs of the dependence 5 o = f{r) for  ~ = 104.7 sec-1, 
Q = 22 cm3/sec ,  ~ = 60~ a)2.5% PAAMsoh t ion ,  n = 0 . 5 2 , K =  
42 dyno s ec /cm2;  p= 1.039 g/cm3; 1) Go = 27 dyn/em2; 2) G o = ~; 
b) 3% PAAM solution, n = 0.48, K = 70 dyn . s e c / c m  2, p = 1.045 
g/cm3;  3) G o = 40 dyn/cm2; 4) G o = ~; r ,  cm.  Points indicate 
exper imenta l  r e su l t s ;  continuous curves  a r e  theore t i ca l  r esu l t s~  

Fig.  3. Dependence of f i lm thickness  of a 2.5% PAAM solution 
on the angular  veloci ty  of the ro to r  and the d i scha rge :  a -- 6 o = 
f(w), Q = 3 0 c m 3 / s e c ;  1) G 0 = 2 7 d y n / c m 2 ;  2) G 0 = ~ ;  b - -  50= 
f(Q), w =157  see - i ;  3) G 0 = 2 7 d y n / c m 2 ;  4) G 0=oo; n =  0.52; 
K = 4 2 d y n . s e c / c m 2 ;  p = l . 0 3 9 g / c m 3 ;  a = 9 0  ~ . 60, cm~ 

The  express ion  (10) can be solved analyt ical ly  a lso  by giving the change in f luid-f i lm thickness  with r e -  
spec t  to  the radius  dS0/dr, as  for  non-Newtonian fluids [6]. In this case  

Q64n-2sina [ 2 n + l  50 n ~ l  ] 6 ,  K (2n 1 7  • 

X Q ) n 6 g n - ~  K2sina(  2n-+- 1 Q ) 2 n  [2 (n - i -1 ) (1 - -4n)5 , ] -~0 .  (12) 
2~r . 3prGoF t n 2~r (n - -  1) 6 o + 2n --F 1 

The  solut ion of (12) affords the possibi l i ty  of de te rmin ing  the f lu id-f i lm thickness  as a function of the 
technological  p a r a m e t e r s  Q, co, andthe  p roper t i es  of the r e p r o c e s s e d  fluid. The  max imum value of the d i s -  
c repancy  between the r e su l t s  of the numer ica l  and analyt ical  solutions is just 5%, which, in turn ,  indicates 
the legi t imacy of the approx imat ion  made  in der iv ing  (12). 

It should be noted that  (10) for  the power-Law flow of a non-Newtonian fluid over  a fixed disk (Go = m, 
.~ = 0) is 

)[ 7(  ) 2p2 '+1 ( Q 1 r , an) 
3n + 2 ~ r  6 0 Or r n 2~r 

and for a viscous inelast ic  fluid (G O = ~,  n = 1, ,j = 0) is  

06 o_~ 6 o sin~ 5~vr = 0. (14) 
Or r Q 

The express ion  (14) has been  obtained sepa ra t e ly  in [9]. Exper iments  were  pe r fo rmed  to ver i fy  the de -  
pendences (10) and (12) obtained. The  t e s t  se tup and method of pe r fo rming  the exper iments  a r e  descr ibed  in 
[10]. 

Used as model  fluid were  2.5% and 3% aqueous solutions of po lyae ry l amide  (PAAM). The theologica l  
constants  were  de te rmined  by using a c o n s t a n t - p r e s s u r e  cap i l l a ry  v i s c o m e t e r .  

A s a n a l y s e s  of (12), the resu l t s  of a numer i ca l  solution of (10), and the t e s t  data showed, the elast ic  
p roper t i e s  of the fluid exer t  a s t rong  influence on the flow hydrodynamics .  The f luid-f i lm thickness  over  the 
ro ta t ing  cone inc reases  (Fig. 2) with the i nc rea se  in e las t ic i ty  (with the d e c r e a s e  in the numer ica l  value of Go). 
Given for  compar i son  in Fig. 2 a r e  computed curves  for  non-Newtonian fluids without taking account of the 
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elas t ic i ty ,  while the other conditions r e m a i n  equal.  It is seen  f r o m  the graphs  that  the e las t ic i ty  exer t s  quite a 
s t rong  influence for  s m a l l  radi i ,  but the d i sc repanc ies  between the f i lm th icknesses  calculated taking and not 
taking account  of e las t ic i ty  d imin ish  with the  i nc r ea se  in the radius  ~ 

Other conditions being equal, f lu id-f i lm th icknesses  grow with the i nc r ea se  in the d i scharge ,  where  the 
growth intensi ty for  nonlinear v i scoe las t i c  fluids is higher than for  non-Newtonian fluids (Fig. 3). An i n c r ea se  
in the number  of r o t o r  ro ta t ions  r e su l t s  in a diminution in f lu id- f i lm thickness  (Fig. 3). 

The  negligible deviat ion of the exper imenta l  values of the f i l m t h i c k n e s s  f rom the calculated values 
(3-5%) pe rmi t s  making a deduction about the validity of the approximat ions  used in obtaining the dependences 
(10) and (12), as well  as about the poss ibi l i ty  of the i r  appl icat ion for  p rac t i ca l  computations of centr i fugal  
machine  components  and chemica l  technological  a p p a r a t u s e s .  

NOTATION 

p, hydros ta t ic  p r e s s u r e ;  J, unit ma t r ix ;  I<, n, rheologica l  fluid constants ;  E, second invar iant  of the 
s t r a i n - r a t e  t enso r ;  Go, initial  modulus of high e las t ic i ty ;  ~, s t r e s s  t enso r ;  p, fluid densi ty;  l ,  ~0, 5, cone 
gene ra to r ,  longitude, and dis tance  between the axial  line and a fluid par t ic le  M, r e spec t ive ly ;  r ,  d is tance  
between the su r f ace  and the axis of rotat ion;  2~, cone ve r t ex  angle; F i ,  F6, project ions  of the m a s s  forces  
in the l and 5 d i rec t ions ;  v / ,  me r id i an  veloci ty;  50, f lu id-f i lm th ickness ;  ~ ,  ro to r  angular  velocity;  Q, 
fluid d i scha rge  per  second;  v, k inemat ic  coefficient  of v i scos i ty ;  5 , ,  f lu id-f i lm thickness  calculated without 
taking account  of the e las t ic  p r o p e r t i e s .  

L I T E R A T U R E  C I T E D  

1. V . G .  Litvinov, Mekh. Polim~ No. 3, 421 (1966); No. 6, 1103 (1968). 
2. V. P. Remnev  and N. V. Tyabin,  Mekh. Polim~ No. 3, 515 (1971). 
3. J . Z .  Whitel and A. B. Metzner ,  J .  Appl.  Polym.  Sci. ,  No. 7, 1867 (1963). 
4. V~ A. Kocherov,  Yu. E. Lukach, and E. A~ Sporyagin,  Heat and Mass T r a n s f e r  [in Russian] ,  Vol. 3, 

Minsk (1972), p. 198. 
5. H. Kh. Zinnatullin, I .  V. Flegentov,  and F.  A. Gariful l in,  I n z h . - F i z .  Zh. 26, No. 2, 266 (1974). 
6. Ko Do Vachagin, N. Kh. Zinnatullin, and N. V. Tyabin,  I n z h . - E i z .  Zh., 9, No. 2, 187 (1965). 
7. G . V .  Vinogradov, A. Ya.  Malkin, Yu. G. Yanovskii ,  V. F.  Shumskii ,  and E. A. Dzyura ,  Mekh. 

Pol im. ,  No. 4, 714 (1971). 
8. S . M .  T a r g ,  Fundamental  P rob lems  of Laminar  Flow Theory  [in Russian] ,  GITTL,  Moscow (1951). 
9. V. V~ Antonov, A. D~ Glinkin, V. N. Tr i fonov,  and N. V. Tyabin,  T r . ,  Kazansk.  K h i m . - T e k h n o l .  

Insto, No. 47, 102 (1971). 
10. N. Kh. Zinnatullin,  K. D. Vachagin,  and N. V~ Tyabin,  T r .  Kazansk.  Khimo-Tekhnol .  Inst . ,  No. 35, 

146 (1965)o 

899  


